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1. INTRODUCTION 
This paper applies the general method developed by Jeffrey and Taniuti 
[I, Section 2.41, for the study of the development of jump discontinuities in 
nonlinear hyperbolic systems of equations, to the formation of magneto- 
acoustic shocks from magnetoacoustic simple waves. In this work the wave- 
front is considered as the bounding surface between a disturbed state and a 
known state across which the solution itself is continuous but across which 
its derivative, normal to the wavefront, is discontinuous. (I.e., the solution 
satisfies a Lipschitz condition.) 
After defining terms in Section 2 we proceed to prove the exceptional 
nature of AlfvCn and entropy waves and the possibility of the steepening of 
magnetoacoustic fast and slow simple waves to form fast and slow magneto- 
acoustic shocks, respectively. Then, in Section 3, the results of [l] are 
applied to derive the critical time tC and the critical distance xc at which 
a fast magnetoacoustic wave first steepens into a shock. 
The subsequent behavior of magnetohydrodynamic shocks when formed 
has been extensively studied by Bazer and Ericson [2] who, however, did not 
consider the consequences of the evolutionary condition necessary for the 
determination of physically possible shocks. The evolutionary condition 
requires that, in addition to satisfying the boundary condition and the entropy 
condition across a shock, a physically real shock should also be continuousZy 
dependent on the initial and boundary conditions. The consequences of the 
evolutionary condition have been noted by Polovin [3] and are discussed in 
detail by Jeffrey and Taniuti [ 11. 
2. MAGNETOHYDRODYNAMIC EQUATIONSAND CONDITIONSFOR SHOCKS 
Let us denote the x, y, and x-components of the magnetic field H an-d of the 
fluid velocity v  by (Hi , H, , Ha) and (~1~ , va , va), respectively, the fluid 
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density by p, the pressure by p, the entropy by S, and the local sound speed 
by a. Introducing a characteristic manifold which may be identified with a 
wavefront, through the equation 
~(x, t) = constant, (2.1) 
we see that the wavefront velocity h and the wavefront normal n are given by 
~=z?? and % 
I VP, I n=mT* 
Then, by orienting the x-axis along n and denoting x-components by the 
s&ix n, we may write the magnetohydrodynamic equations in the form 
U, + AU, = 0, (2.2a) 
where 
A= 
% P 0 0 
a2 d2 
T- 
VT2 0 ~ 
4rrP 
- t&a 0 0 v, - 
&P 
0 H, - H, v, 
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0 0 0 
0 - 14 p, 
4TP P 
0 0 0 
0 0 0 
V* 
-PHn 0 
4rrP 
-H,, v,, 0 
0 0 %I 
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U= 
P 
VIZ 
v2 
H2 
03 
H3 
s 
(2.2b) 
To display the characteristic equations of this system we apply the well 
known transformation [l] 
a 
---+--Ah6 
a 
at and ax --+I16 (2.3) 
to Eq. (2.3), where 6 denotes an infinitesimal jump across the wavefront, to 
obtain 
[A-MJhllU=O. (2.4) 
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Now, if c, is the speed of the wavefront relative to the fluid, 
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cn=Ih--%I9 (2.5) 
and we may consider c, rather than X as the eigenvalue of the determinant 
associated with Eq. (2.4). 
Let us now display Eq. (2.4) in a more symmetric form by introducing the 
Aljih speeds 
and writing Eq. (2.4) in the form 
KL&‘K-~SU = 0, 
where 
and 
r 
K= 
0- 
p, 
P 
0 
0 
0 
0 
7 cn- 
f 0 0 0 0 0 0’ 
a 
0 1 0 0 0 0 0 
0 0 1 0 0 0 0 
0 0 0 J %o 0 0 CL 
0000100 
0 0 0 0 0 21 50 P 
0 0 0 0 0 0 1. 
(2.7) 
(2.8) 
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and where 
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0 0 0 0 
0 b, 0 b, 
i c, - bn 0 and 
- b, ‘F c,, 0 0 su = 
0 0 q- c, 
0 I 
- b, 
0 0 - bn F cn 
Now, Eq. (2.7) possess anontrivial solution for 6U provided the determi- 
nant associated with cc4 is zero and so we obtain the characteristic equation 
F c&2 - bB2) [(cn2 - a2) (cm2 - bn2) - cn2(b” - bn2)] = 0, (2.10) 
where 
b” = bn2 + b22 + bz2. 
The zeros F c, = 0 and cn2 = bn2 correspond, respectively, to entropy 
waves and AZfzl& wawes while the remaining factor, 
(cn2 - a”) (cn2 - bn2) - cn2(b2 - bn2) = 0 (2.11) 
corresponds to fast and slow magnetoacoustic waves [I, 4, 5, 61. 
For future reference we now establish the relationship between the left 
and right null vectors of & and the left and right eigenvectors of A. Compa- 
ring Eq. (2.4) and (2.7) we see that 
K&K-l = [A - M] (2.12) 
and so 
&K-l = K-l[A - M]. (2.13) 
Premultiplying this equation by L tit, the left null vector of S? associated 
with eigenvalue ho), we obtain 
L’i’&K-1 = L’i’K-l[A - A’i’Q 
However, since by definition Lci)d = 0, we see that 
l’i’ = L”‘K-1 (2.14) 
is the left eigenvector of A corresponding to the eigenvalue h(i). A similar 
argument establishes that the jth right eigenvector r(j) of A associated with 
the eigenvector h(j) is 
r(i) _ KRCj’ (2.15) 
where R(j) is the right null vector of z&’ associated with the eigenvalue X(j). 
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The wave, represented by the characteristic manifold q~ = constant, has 
the property that functions are Lipschitz continuous across normals to the 
wavefront and a shock-like phenomenon results when the solution ceases 
to be Lipschitz continuous across the wavefront and the solution steepens 
infinitely into a shock. It is in fact this condition that we shall examine in 
Section III when we obtain the time and position at which such a shock first 
forms. First, however, we must examine the nature of the possible types of 
wave motion. 
Following the work of Lax [7], it has been shown [l] that the condition 
for a wave corresponding to eigenvalue X(“) with associated right eigenvector 
dk) to be exceptional (i.e., not to steepen into a shock) is that 
(V$i(k’) . y(k) = 0 (2.16) 
where V, denotes the gradient operator with respect to the dependent varia- 
bles. 
Both entropy waves and AlfvCn waves have the property of being excep- 
tional waves in this sense [l, 71 and, by way of example, we illustrate this 
now for the case of the entropy wave for which b, # 0. 
The entropy wave c, = 0, for which b, # 0, has associated with it the 
right eigenvector 
y(e) I I  
I- -? 
I& 
a2 
0 
0 
-6 0 
0 
0 
1 
(2.17) 
where E is an arbitrary scalar. From Eq. (2.5) we see immediately that 
X(e) = vn ) and hence that, 
V,h(“) = [O, 1, 0, 0, 0, 0, 01. (2.18) 
It then follows directly from Eq. (2.17) and (2.18), and the definition of an 
exceptional wave (2.16), that this entropy wave is exceptional. A similar 
result is true for the entropy wave in which b, = 0 and also for the Alfvtn 
waves corresponding to c,, = b, . 
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From Eq. (2.11) it follows immediately that the fast and slow magneto- 
acoustic speeds cf and cs , respectively, are 
and 
c, = Cf = {& [(a” + 6”) + q-qp=&&4a26,2]}1/2 (2.19) 
-__- 
c, = c, = {+[(a" + 62) - vqu" + r32)2 - 4a"b,"]}l". (2.20) 
The associated characteristic velocities h:f) and h2) are then determined 
directly by Eq. (2.5) as 
A!” = v n + Cf (2.21) 
and 
xl”’ = v, f cs ) (2.22) 
where the + and - signs denote forward and backward facing waves. 
If, now, we consider one-dimensional magnetoacoustic simple waves, it follows 
directly that H,, and S are constant [l, Chap. 51. Also, since the magnetic 
field does not rotate across a simple wave, we may refer to a coordinate 
system such that vs and H, are zero throughout the simple wave region. Equa- 
tions (2.7) then further simplify to 
K+f,K;% U = 0 
with H, = constant, S = constant, and vs = H3 = 0, where 
K= 
dl = 
T Cf.6 a 0 0 
0 T Cf.8 0 6, 
0 0 F cf.8 - bn 
0 b2 - bn i Cf.8 1. 
e 0 0 0 
a 
1 
0 1 0 0 I 
I 
and 6U= 
0 0 1 0 
0 0 0 li-l 
4TP 
u 
The equation corresponding to (2.2a) reduces to 
U, + A,U, = 0 (2.25) 
(2.23) 
. (2.24) 
where A, is derived from A by deleting the last three rows and columns, and U 
is the column vector with elements p, v, , v2 , and H, . 
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Thus the left and right eigenvectors of A,, I:*” and r:f*‘), respectively, 
corresponding to the fast and slow waves become 
x 
- 
p = 
P sf 
Cf.8 , F -2 
n 2% 
(cy- bn2) ’ 
b2d.s 
f (c;,, - bn2) I 
(2.26) 
and 
(f.8) = 
Ii 
P 
f  Q.5 
zi-- 4TP b&s tL (c;,, - bn2) 
(2.27) 
where, again, the plus sign and the minus sign correspond, respectively, to 
forward and backward facing waves. 
To show that fast and slow magnetoacoustic simple waves may tend to 
magnetoacoustic shocks we must establish that 
(V,X!‘*“‘) * r!‘*“’ # 0. (2.28) 
From the definition of hug” contained in Eqs. (2.21) and (2.22) we see that 
the row vector (V,X~“) is 
and so, performing the indicated differentiations results in the expression 
(Vu/p’) = (f 2, l,O, f 2) . (2.30) 
Taking the scalar product of this equation with r(r**) then gives 
(V&f’“‘) . y!‘,“’ = (2.31) 
Since, in general, this expression is not identically equal to zero, this asserts 
the well known fact that fast and slow magnetoacoustic simple waves may 
tend to magnetoacoustic shocks [l, 2, 3, 51. 
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3. THE EQUATIONS DETERMINING THE APPEARANCE OF A SHOCK 
Let us now examine the system of equations (2.25) to see how a fast shock 
may develop from assumed Lipschitz continuous initial conditions. To do 
this we shall consider the behavior of this disturbance as it propagates into a 
constant state and take as the condition for the formation of a shock the time 
and position at which the disturbance ceases to be Lipschitz continuous and a 
finite jump discontinuity in the field variables first forms. 
This type of problem has been studied by Lax [7] who established that 
while the solution remains Lipschitz continuous it will propagate along the 
characteristic bordering the constant state. The general problem of the time 
and position of the formation of a shock has been studied in detail by Jehrey 
and Taniuti [l] who obtained the time tc and position xc at which the jump 
discontinuity in the field variables first forms. In order to obtain this result 
the behaviour of the jump of the normal derivatives of quantities across the 
wavefront was examined and the analytical condition for these to become 
infinite obtained. 
The starting point of the investigation was the general quasi-linear system 
of equations 
U,+AU,+B=O (3.1) 
with U a column vector with n elements ui , ~a , ..., u, , A an (n x n) square 
matrix, B an n element column vector, and subject to the Lipschitz continuous 
initial vector U(x, 0) = U,(X). Then, denoting by h(p) the eigenvalue of A 
corresponding to the fastest disturbance wave v = constant, where p is 
defined by Eq. (2.1), the independent variables (x, t) were changed to (v, t’), 
where 
t’ = t and P)t + h(9’y& = 0 (3.2) 
and v was determined by the initial conditions ~(x, 0) = X. The behavior of 
u, U,I, U, , and x9 was then considered across the characteristic 9) = 0 
defining the advancing wavefront. Then, defining the jump in a quantity x 
(scalar or vector) across the characteristic v = 0 by 
[xl”,fg = x(0-, t’) - x(0+, t’), (3.3) 
where p = 0- represents a characteristic behind and arbitrarily close to the 
advancing wavefront, the following jump conditions for U and x were defined: 
U is continuous: [cl];:;; = 0 
U,, is continuous: [Ut$$y = 0 
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U, is discontinuous: 
and 
x9 is discontinuous: [x&z;; 3 X(C). 
When Eq. (3.1) are homogeneous (B = 0) the waves advance into a constant 
state and the equations describe generalized simple waves [1] and the wave- 
front y = 0 becomes a straight line. Identifying the n characteristics issuing 
out of the origin by e, , (a , ..., f,, , and identifying 5, with v = 0, we illustrate 
the limiting arguments defining L’ and X in Fig. 1. Here, by our choice of F, 
the constant state region in front of the wavefront is identified with v > 0 
and the region behind the wavefront is identified with v < 0. We note 
however that since jumps in U, and x9, may take place across any characteristic 
we must confine our choice of points behind the wavefront to the region 9 
of the (x, t)-plane bounded by the wavefront and the next fastest characteristic 
&i in which the solution is smooth. 
0 x 
FIG. 1. The region 56’ 
Then, by consideration of the behavior of the Jacobian of the transforma- 
tion (3.2) on the wavefront, the critical point at which the Jacobian first 
vanishes yields analytic expressions for the critical distance xc and the initial 
time tc at which a shock forms. In the special case of simple waves the 
expressions simplify considerably to yield [I] 
and xc = Jptc , 
where the suffix 0 denotes that the associated expression is to be evaluated in 
the constant state region (p’ > 0). The limiting operation denoted by a tilde 
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is defined as follows: for a quantity Q defined in the neighborhood of CP = O- 
the limit & = lim,!,, (cJ))~=~- whilst, for a jump quantity P defined across 
9 = 0, the limit P = lim,l,, (P),=. . 
Further, for the special case of simple waves, it follows directly from the 
equations presented in (1) that 
17 = n (constant), 
and that 
where Z(i) is the jth left eigenvector of matrix A in Eq. (3.1) corresponding 
to eigenvalue h(j) and r9 is the multiplicity of the eigenvalue h(p) determining 
the wavefront. 
Identifying these results with Eq. (2.25) which describe magnetoacoustic 
simple waves we see that the wavefront 5, is to be identified with & 
the forward facing fast wave and En-i is to be identified with & the forward 
facing slow wave. The negative sign preceeding f or s again denotes the cor- 
responding backward facing fast and slow waves. Thus, for the fast shock, 
the h(9) of Eq. (3.4) has multiplicity 1, so r9 = 1, h(v) = A:’ and, from Eq. 
WO), 
(VJ!y), = ($- , l,O, ;$-), , (34 
where the constant state condition indicated by the s&ix 0 is determined by 
the initial conditions U(x, 0) = U,(X) for x > 0. 
Thus, combining Eqs. (3.4) and (3.6), we find that the critical point 
(X e , tc) at which a magnetoacoustic fast shock first forms is given by 
and xc = hj” t, . (3.7) 
Since oz is determined by a limiting process within the simple wave region 9 
it follows directly that the components of OX are not independent and that 
their dependence on the assumed initial conditions must be through the 
solution in 2. 
To establish the form of this dependence let us first note that it follows 
directly from Eqs. (2.26) and (3.5), that across the wavefront, R must satisfy 
the three equations 
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p’n ZYz 0 
0 
and 
p’fj - 0 
0 - 
j’-“fl - 0 0 -- 
Now, from the definition of fi-, we have that 
R = u&J,=, - cQ,o+ 
(3.8a) 
(3.8b) 
(3.8~) 
or, since the solution ahead of the wavefront is constant, 
I7 = (U&+ . (3.9) 
Since, by virtue of the choice of the initial conditions for y, the Jacobian 
x9, = l/v2 of the transformation (3.2) is nonzero at the origin, we may divide 
Eq. (3.9) by .GV to obtain 
Consequently, we may rewrite Eqs. (3.8 a, b, c) in terms of the components 
pZ , (fin), , (a,), and (fi& of oZ as follows, 
(f),, A + (40 (%)z - (gy, (62)z + [&-gpZbn2Jo (I-& = 0 
(3.11a) 
(%,,B. - (40 (%)z + p+) (%)m + cs2- n 0 
[$-&y:26 2,1 (II,), = 0, 
n 0 
and 
(3.11b) 
(5)” P= - (40 wr + ($@$) (542 + A 0 [4,;yJ2b 2J (H2)z =0 . 7% 0 
(3.11c) 
These three equations have the following solution when expressed in terms 
of pa!, 
and 
(3.12a) 
(3.12b) 
vf2L= -AL (3.12~) 
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a2 
(Y*=--, t 1 P 0 %? = (cs)o , 
a4= - 
I 
P&G“ 
4Tp(~,2 - Qj 1 o 9 A = (Cd0 9 
and 
Equations (3.12a, b, c) together with Eq. (3.7), then determine, in terms of 
& , the critical time t, and the critical distance xc at which a fast magneto- 
acoustic shock first forms. Similar results may be obtained for the formation 
of other shocks by using the general method described in El] provided that the 
state into which the wave is advancing is correctly defined. The state behind 
fast and slow magnetoacoustic simple waves has been fully described else- 
where [l, 63. 
It should be remarked that we have only determined the time for the forma- 
tion of a shock on the wavefront and that a shock may form before this time 
at some point behind the wavefront. Physically, this could result when a 
disturbance advances into the unsteady state left behind the fast wavefrant 
(cf. [I, p. 2591). 
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